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PREFACE TO THE FIRST EDITION

In B.Com. (Insurance and Banking) course, a new subject named Actuarial Analysis in
Banking and Insurance has been included in the syllabus by the Mumbai University w.e.f. the
year 2018-19, in order to make aware the students the statistics and actuarial analysis of Life
Insurance business.

This subject is definitely a new and unheard of subject, but is very useful for the course
prescribed in order to achieve proficiency and knowledge of statistics formulae for a better understanding
of insurance.

In five chapters, the University has endeavoured its best to cover the advanced knowledge on
Life Insurance work of an actuary. I have tried to assimilate all the topics in brief, incorporating
the examples and their solutions.

I hope that students and professors would not be constrained in getting the details to a large
extent about the course material in this book. I am also happy to bring to light this book at the
proper time for the reading of the students.

I place my thanks to my wife, Mrs. Veena Agarwal, M.A. (Eco.), for her support in bringing
this book to the hands of the readers.

Dated 7th April, 2019 O.P. AGARWAL
704/11-D, Springleaf Bldg.,
Lokhandwala Complex,
Kandivali (East), Mumbai - 400 101.





CONTENTS

Chapter 1. Statistical Methods 1 – 51
1.1 Concept of Decision Theory
1.2 Bayesian Decision Rule
1.3 Concept of Random Variable
1.4 Probability Distribution
1.5 Distribution Function or Cumulative Probability Function
1.6 Expected Monetary Value
1.7 Central Limit Theory
1.8 Statistical Inference and Sampling Distributions
1.9 Estimates about Population
1.10 Estimator and Estimates
1.11 Distribution of Sample Median
1.12 Confidence Interval for Unknown Parameters
1.13 Test of Hypothesis
1.14 Concept of Analysis of Variance (ANOVA)
1.15 Properties of Statistical Distribution
1.16 Questions

Chapter  2. Probability and Mathematical Statistics 52 – 74
2.1 Concept of Decision Theory
2.2 Some Important Concepts
2.3 Decision Function and Risk Function
2.4 Decision Criteria to Determine Decision Function
2.5 Minimax Criteria and Bayes Criterion
2.6 Moments
2.7 Simple Forms of Proportional and Excess of Loss Insurance
2.8 Interval Estimates
2.9 Questions

Chapter 3. Mortality Tables (Models) 75 – 91
3.1 Mortality Tables and Mortality Rates
3.2 Types of Mortality Tables
3.3 Probability of Death and Survival
3.4 Stationary Population



3.5 Expectation of Life
3.6 Census Approximation (Methods)
3.7 Process of Graduation
3.8 How to Test Crude Estimates?
3.9 Questions

Chapter 4. Contingencies 92 – 107
4.1 Simple Assurance and Annuity Contracts
4.2 Types of Annuities
4.3 Present Value of Payments under Annuities
4.4 Mean Deviation (or Average Deviation)
4.5 Standard Deviation and Variance
4.6 Present Value of an Annuity Due of ` 1 per annum for Life
4.7 Curator and Our Future Life Time (Expectation)
4.8 Annuities Paid in Advance or in Arrears
4.9 Perpetuity
4.10 Questions

Chapter 5. Actuarial Models 108 – 118
5.1 Principles of Actuarial Modelling
5.2 Estimation Procedures
5.3 Internal Estimates of the Proportion from Large Samples
5.4 Methods of Point Estimation
5.5 Survival Models
5.6 Importance of Statistics
5.7 Questions
Appendices 1 to 17 119 – 146



- 1 -

1

STATISTICAL METHODS

1.1 CONCEPT OF DECISION THEORY

The process of decision-making consists of making a choice out of two or more alternatives at
our disposal. Decision may be personal or official or at the organisational level.

Decision-making is a process which results in the selection from a set of alternative courses of
action — that course of action which is considered to meet the objectives of the decision-problem
as judged by the decision-maker.

Decision Theory provides a framework which enables us to justify as to how and why a decision-
maker has selected a particular choice, out of the various choices. The various possible alternatives
or the courses of action are termed as ACTS or STRATEGIES or DECISIONS. The various possible
outcomes of any act/strategy are dependent on a number of factors called the States of Nature or
Events.

Example:
An industrial unit interested in manufacturing one of the three products, say A.B.A., then the

various Acts and States of Nature may be as follows:

Acts State of Nature

A (i) Manufacture the product A S1 Good Demand

A (ii) Manufacture the product B S2 Moderate demand

A (iii) Manufacture the product C S3 Poor Demand

Combination of A and S are the measure of the net benefit to the decision-maker/organisation
for taking the decision.

Decision-Making Environment includes the following:

(a) Decision-Maker: The first and foremost question that may be asked, in any decision-
problem is: Who is the decision-maker? Maker can be an individual or a group of individuals or an
organisation.

(b) Objectives: Decision-maker must be very clear about the objectives. Objectives are to
optimise, i.e., maximise profits or returns or minimise the costs or losses.
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(c) Decision situations falls under two types of decision situations, viz.,

— under certainty.

— under uncertainty.

Decision-making under Risk

Under this condition, the decision-making is probabilistic and the person making decision
cannot predict the outcome of an event. By selecting a particular course of action, he can expect a
variety of outcomes or a combination of outcomes. Hence, the risk involved in taking a particular
decision is large and this risk is rejected in deciding possible occurrence of a state of outcome. In
order to reach the best possible decision, probability distribution of the occurrences will have to
be decided based on past data and then the best course should be decided based on largest expected
profit value. Hence, the concept of Expected Monetary Value (EMV) is used as a criterion for
decision-making.

1.2 BAYESIAN DECISION RULE — POSTERIOR ANALYSIS

It is a rule which is an extension of EMV criterion (Expected Monetary Value). Example,
EMV of ` 500, for an optimal decision. Aj does not mean an assured profit of ` 500, on taking the
action Aj. It is simply the expected value of making a profit. By this, we mean that if the decision-
maker makes a decision for the jth act (Aj) a number of times, then he is expected to make, on the
average, a profit of ` 500. But if he makes the decision for the jth Act Aj only once, he may even
lose some money. A mean Acts while S means States of Nature of the events (States of Nature) Sj
and Sj at native acts called the pay off.

Beyesian rule is an extension of EMV.

Minimax Criterion

The Minimax Criterion is based on the regrets or opportunity losses (loss incurred or profit
not earned as a consequence of the failure to take the best possible decision) costs, or damages
instead of profits or gains and is carried on exactly similarly on interchange maximum and minimum
principle.

In Minimax Criterion, for each Act, we first find maximum of regrets (or opportunity/losses/
damages/costs) over different States of Nature then we find the minimum of these maxima for
different Acts (strategies).

The Act corresponding to this Minimax Value is taken as the optimum decision. This method
gives the greatest to result in better decision.

Prior probability distribution is not always the best predictor. To optimise his action, the
decision-maker might be interested to look in for the best predictor. For this, he will have to gather
additional information about various States of Nature by conducting some experiment or market
survey or test research or through some other agencies. As per concept of EVPI (Expected Value
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of Perfect Information), which provides the upper limit to the amount of money, the decision-
maker would be willing to spend to gather the additional information.

In posterior analysis, the prior probabilities are revised to obtain posterior probabilities on the
basis of additional informations gathered.

These posterior probabilities are then used to obtain the expected pay-offs associated with
each combination Sj Aj for different combinations of Acts and events. Finally, the act with the
maximum EMV is chosen as the best Act. This process is likely to result in better decision.

1.3 CONCEPT OF RANDOM VARIABLE

By a Random Variable (R.V.) we mean a real number x associated with the outcomes of a
random experiment. It can take any one of the various possible values, each with a definite probability.

For example, in a throw of dice, if x denotes the ‘number obtained’, then x is a RANDOM
VARIABLE, which can take any one of the values 1, 2, 3, 4, 5 each with equal probability 1/5.
Similarly, in toss of coin if x denotes the ‘number of heads’, then x is a RANDOM VARIABLE
which can take any one of the two values.

0  (No head, i.e., tail) or 1 (i.e., head) each with equal probability 1/2.

Let us now consider a random experiment of three tosses of a coin (or three coins tossed
simultaneously). Then the sample space S consists of 23 = 8 points as given below.

S = {(H,T) × (H, T) × (H, T)}

= (HH, HT, TH, TT) × (H,T)

= {HHH, HTH, THH, TTH, HHT, HTT, THT, TTT}

Let us consider the variable x, which is the number of heads obtained. Then x is a RANDOM
VARIABLE, which can take any one of the values 0, 1 or 2.

HHH HTH THH TTH HHT HTT THT TTT

Outcome values of x 3 2 2 1 2 1 1 0

If the same points in the above order be denoted by w1, w2, w3..... w8, then to each outcome w
of the random experiment, we can assign a real number x = x(w). For example,

x(w1) = 3 x(w2) = 2 x(w3) = 2 x(w8) = 0

Thus, the random variable may be defined as a Real Valued Function on the sample space,
taking values on the real line R' (– , ). In other words, Random Variable is a function which
takes real values which are determined by the outcomes of the random experiment.

Notes: A Random Variable is denoted by the capital letters X, Y, Z etc. of the English alphabet and
particular values which the random variable takes are denoted by the corresponding small
letters.

It should be understood that the actual values which the event assumes is not a Random
Variable. For example, in three tosses of a coin, the number of heads obtained is a Random Variable,
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which can take any one of the three values 0, 1, 2 or 3, as long as the coin is not tossed. But after
it is tossed and we get two heads then 2 is NOT A RANDOM VARIABLE.

If the random variable x assumes only a finite or countably infinite set of values it is known
as DISCRETE RANDOM VARIABLE. For example, marks obtained by students in a test, number
of students in a college, the number of defective oranges in a basket of oranges etc. are all Discrete
Random Variables. On the other hand, if the Random Variable x can assume infinite and unaccountable
set of values, it is said to be a Continuous Random Variable. For example, the age, height or
weight of students in a class. In case of Continuous Random Variable, we usually take the value in
a particular INTERVAL and not at a point. Generally, Discrete Random Variable represent counted
data while Continuous Random Variables represent measured data.

1.4 PROBABILITY DISTRIBUTION

The concept of Probability Distribution is analogous to that of frequency distribution. Just as
frequency distribution tells us how the total frequency is distributed among the different values (or
classes) of the variable, similarly the PROBABILITY DISTRIBUTION tells us how total probability
of 1 is distributed among the various values, which the random variable can take. It is usually
represented in a tabular forms given below:

Probability Distribution of x

x x1 x2 x2 xn

P(x) P1 P2 P3 Pn

Probability Distribution of a Continuous R.V.
Unlike a discrete Probability Distribution, a Continuous Probability Distribution cannot be

presented in a tabular form. It has either a formula form or a graphical form, such as histogram and
frequency polygon of a grouped frequency distribution for a continuous variable.

A frequency polygon gets smoother and smoother as the sample size gets larger, and the class
intervals become more numerous and narrower. Ultimately, the density polygon becomes a smooth
curve called the Density Drive. The function that defines the curve is called the Probability Density
Function.

Probability Density Function of Continuous Random Variable
Let x be a Continuous Random Variable taking values on the interval [a, b]. A function p(x) is

said to be the Probability Density Function of the Continuous Random Variable x if it satisfies
the following properties:

(i) p(x)  0 for all x in the intervals [a, b]
(ii) For two distinct numbers c and d in the intervals [a, b]

P(c  x  d) = [Area under the probability curve between the ordinates (vertical lines ) at
x = c and x = d]

(iii) Total area under the probability curve is 1, i.e., p(a  x  b) = 1.
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Let us know the following three requirements as under:

1. The areas under any probability curve with Probability Density Function p(x) between
x – c and x – d can be obtained very conveniently by using the technique of integration
from integral calculus.

P(c  X  d) = ( )
d

c
p x dx

or by the use of some numerical methods for any complicated form of function p(x).
2. P(c  X  d) = Area under the probability curve between the vertical line s at x = c and

x = d.
In particular, taking c = d, we get
P(x = c) = Area under the probability curve and the vertical line at x = c.
x = 0.

because the area of the rectangular strip with width O is O.

Hence, in case of Continuous Random Variable, we always talk of probabilities in an
interval and not at a point (which is always zero).

3. Since in the case of Continuous Random Variable, the probability at a point is always
zero, we have

P(x = c) = 0 and P(x = d) = 0

Hence, in case of Continuous Random Variable, it does not matter if one or both the end
points of the interval (c, d) are included or not.

Example:

A dice is tossed twice. Getting an odd number is termed as a success. Find the probability
distribution of the number of successes.

Solution:
Since the cases favourable to getting an odd number in a throw of dice are (1, 3, 5), i.e., 3 in

all.

x = c x = d

p x( )

p x( )
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Probability of success (S) = 
3 1
6 2


Probability of failure (F) = 1 – 
1 1
2 2


If x denotes the number of successes in two throws of a dice, then x is a Random Variable
which takes the values 0, 1, 2.

P(x = 0) P(F in first throw and F in 2nd throw]

= P(FF) = P(F) × P(F) = 
1 1 1
2 2 4
 

P(x = 1) = P(S and F) + P (F and S)

= P(S) P(F) + P(F) P(S) = 
1 1 1 1 1
2 2 2 2 2
   

P(x = 2) = P(S and S) = P(S) P(S) = 
1 1 1
2 2 4
 

Hence, the probability distribution of X is given by

x 0 1 2

P(x)
1
4

1
2

1
4

1.5 DISTRIBUTION FUNCTION OR CUMULATIVE
PROBABILITY FUNCTION

If x is a Discrete Random Variable with probability function p(x) then the distribution function,
usually denoted by F(x) is defined as:

F(x) = P(x  x)

if X takes integral values, viz., 1, 2, 3 then

F(x) = P(X = 1) + P(X = 2) + P(X = x)

 F(x = P(1) + P(2) + P(3) + P(x)

In the above case,

F(x – 1) = P(1) + P(2) + P(x – 1)

 F(x) – F(x – 1) = P(x)  P(x) = F(x) – F(x – 1)

Hence, if x is a Random Variable, which can take only positive integral values, then probability
function can be obtained from distribution function by using

F(x) = P(X  x)



STATISTICAL METHODS 7

If x is a Continuous Random Variable, with probability density function P(x) then the distribution
function is given by the integral.

F(x) = P(X  x) = 
*

( )

x

p x dx

(* means integration)

If x is a Discrete Random Variable with probability function P(x) then

'r = r th moment about any arbitrary point ‘A’ = (X – A)r, P(x)

r = r th moment about mean ( x ) = (x – x )r, P(x)

In particular,

Mean ( x ) = First moment about origin

= XP(x)

[Taking A = 0 and r = 1]

Variance (x) = 2 = (x – x )2, P(x)

Summation is taken over the various values of the random variable x.

While in case of Continuous Random Variable with p.d.f. P(x) the formula hold good with
only difference that summation is replaced by integration (  ) over the values of the variable.

1.6 EXPECTED MONETARY VALUE (EMV)

When we know the prior probability pi of the occurrence of the ith state of nature (event), Si,

(i = 1, 2 ........m) based on the past data/record or subjective basis so that i
i

p  = 1. Let there be n

possible acts (strategies or decisions) Aj, (i = 1, 2, …n) available.

Let Xij be the conditional pay off corresponding to the combination (Si, Aj) (i = 1, 2, …M;
j = 1, 2, …n). Then for the jth Act, we have the following table:

States of Probability Conditional
Nature of occurrence pay-offs of Act ‘a’

S1 P1 Xij

S2 P2 Xij

Si Pi Xij

Sm Pm Xmj

E.M.V (Aj) = 
1

; 1, 2,
m

i ij
i

P X j n
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In other words, the EMV for any act is the weighted sum of all the payoffs for that act over
different states of nature, the weights being the probabilities of occurrences of the corresponding
states of nature.

One should be careful while interpreting the given value of EMV. For example, in a given,
EMV of ` 500, for an optional decision Aj does not mean an assured profit of ` 500, on taking the
action Aj. It is simply the expected value of making a profit. By this, it means that if this decision-
maker makes a decision for the jth act (Aj), a number of times, then he is expected to make on the
average, a profit of ` 500. But if he makes the decision for the jth Act Aj only once, he may even lose
some money.

Example:
Following table gives pay-offs for action. A1, A2  and A3 corresponding to states of nature S1,

S2 whose chances are 0-6 and 0.4 respectively.

States of Nature Actions

A1 A2 A3

S1 16 20 18

S2 19 15 12

Find decisions under EMV criterion

EMV (Action A1) = 16 × 0.6 + 19 × 0.4 = 17.20

EMV (Action A2) = 20 × 0.6 + 15 × 0.4 = 18.0

EMV (Action A3) = 18 × 0.6 + 12 × .04 = 15.60

Since EMV (Action A2) is maximum by EMV criterion, action A2 is the optimal decision.

1.7 CENTRAL LIMIT THEOREM

The distribution of the sum S of n independent and identically distributed random variables
has mean E(s) = n and variance s

2 = n
2.

It can thus be seen that the number of random variables in S increases, the centre of the
distribution of S will shift farther away to the right along the horizontal axis, with variance becoming
larger and larger. This, thus, becomes the basis of the Central Limit Theorem.

The main unique characteristic of this theorem is that its application requires no precondition
on the distribution of the random variable (x1, x2, x3 … xn).

The Central Limit Theorem was first introduced by Demoivre during the early eighteenth
century. The theorem states that the distribution of sum S of n independent, identically distributed
random variables (x1, x2, x3…xn) selected from any population, will tend to be described by the
normal probability distribution with mean n and variances n

2 as n increases larger and larger.

In other words, the sampling distribution of sample means approaches to a normal distribution,
irrespective of the distribution of the population from which the sample is taken.
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Thus, we can write.

S = x1 + x2 + x3 + xn

when x1, x2…xn are independent random variables (whatever be the distribution) and it is a
normal variate. Similarly, mean  and variance  2 for x are —

 = 1 + 2 + …+ n = ni

where i and i
2 are the mean and variance of xi consequently, the standardised variate.

Z = 
n

n

S


 

is normally distributed with mean 0 and variance 1. This theorem furnishes a practical method
of computing approximate probability values associated with sums of arbitrarily distributed independent
random variable of s. For defining the required probabilities, the cumulative probability distribution
function of s can be written as:

P(S < s) = 
n nS S

P
n n

       
             

where S is a particular value of s, based on a sample size n, thus,

Z =
nS

n
 



and Z =
ns
n

 


We can write,

P(S < s) = P(Z < s)

The cumulative probability distribution function of 
Sx
n

  
 

 can be defined as:

( )P X x  = /
x x

n n
                

or P(X < x) = P(Z > z)

where Z =
/

X
n

 


and z = /
X

n
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In this case z is a particular value of Z variate, corresponding to the sample mean value x
based on the sample of size n. From these two relationships, the probabilities obtained will be the
same and the accuracy of the probabilities so obtained, will depend on the actual distribution of
the random variables xi and sample size n. If the population being sampled is normal, the two
cumulative probability functions will give exact probabilities irrespective of how small n may be,
but if the population is not normal, then for accurate or fairly accurate probabilities, n needs to be
large enough to generate a distribution of S or x , which is quit near normal. The larger the value of
n, the more accurate will be the probabilities. When the general distribution of the population is not
known, we normally adopt a general rule of x  30 to obtain fairly accurate results.

The mean of the sampling distributio of the mean will equal the population mean regardles of
the sample size, even if the population is not normal. As the sample size increases, the sampling
distribution of the mean will approach normality, regardless of the shape of the population distribution.

This relationship between the shape of the population distribution and the shape of the sampling
distribution of the mean is called the Central Limit Theorem. The Central Limit Theorem is perhaps
the most important theorem in all of statistical inference. It assures us that the sampling distribution
of the mean approaches normal as the sample size increases.

1. Actually, a sample does not have to be very large for the sampling distribution of the
mean to approach normal.

2. Statisticians use the normal distribution as an approximation to the sampling distribution
whenever the sample size is at least 30, but the sampling distribution of the mean can be
nearly normal with samples of even half the size.

3. The significance of the Central Limit Theorem is that it permits us to use sample statistics
to make inferences about population parameters without knowing anything about the
shape of the frequency distribution of that population.

Let’s illustrate the use of the Central Limit Theorem. The distribution of annual earnings of
all bank tellers with five years’ experience is skewed negatively, as shown below. This distribution
has a mean of ` 19,000 and a standard deviation of ` 2,000. If we draw a random sample of 30
tellers, what is the probability that their earnings will average more than ` 19,750 annually? In
figure below, we show the sampling distribution of the means that would result, and we have
coloured the area representing “earnings over ` 19,750.”

Our first task is to calculate the standard error of the mean from the population standard
deviation, as follows:

Standard error of the mean  x  = n


=
2000

30

=
2000
5,477  = ` 365.16
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Because we are dealing with a sampling distribution, we must now use the Equation for z
value and the Standard Normal Probability Distribution (App. Table z = ( x  – )/x–

For x  = ` 19,750;

z =
(19750 19,000)

365.16


=
750

365.16
= 2.05

Annexure Table gives us probability of 0.4798 for a z value of 2.05. We show the corresponding
area in Figure above as the area between the mean and ` 19,750. Since half, or 0.5000 of the area
under the curve lies between the mean and the right-hand tail, the shaded area must be,

0.5000 (Area between the mean and the right-hand tail)
–0.4798 (Area between the mean and 19,750)

0.0202 (Area between the right-hand tail and 19,750)

Thus, we have determined that there is slightly more than a 2 per cent chance of average
earnings being more than ` 19,750 annually in a group of 30 tellers.

The Central Limit Theorem is one of the most powerful concepts in statistics. What it really
says is that the distribution of sample mean tends to be a normal distribution. This is true regardless
of the shape of the population distribution from which the samples were taken.

Examples:
1. In a sample of 25 observations from a normal distribution with mean 98.6 and standard

deviation 17.2.

17500 18000 18500 19000 19500 20000 20500



12 ACTUARIAL ANALYSIS IN BANKING AND INSURANCE

(a) What is P(92 < x  < 102)?

(b) Find the corresponding probability given a sample of 36.

(a) N = 25,  = 98.6,  = 17.2,

x– = 17.2 25 3.44  n

P(92 < x  < 102) = P[ (92 – 98.6)/3.44 < ( x  –  )/x– < (100 – 98.6)/3.44]

= P(–19.2 < z < 0.99) = 0.4726+0.3389 = 0.8115

(b) n = 36, x– = 17.2 36 2.87n  

P(92 < x < 102) = P[ (92 – 98.6)/2.87 < ( x – )/x– < (100 – 98.6)/2.87 ]

= P(–2.30 < z < 1.18) = .4893 + 0.3810 = 0.8703

2. Kamala, an auditor for a large credit card company, knows that, on average, the monthly
balance of any given customer is ̀  112, and the standard deviation is ` 56. If Mary audits
50 randomly selected accounts, what is the probability that the sample average monthly
balance is

(a) Below ` 100?

(b) Between ` 100 and ` 130?

The sample size of 50 is large enough to use the Central Limit Theorem

 = 112,  = 56, n = 50, x– = 56 50 7.920

(a) P( x < 100) = P[( x  )/x– < (100 –112)/7.920 ]

= P(z < –1.52) = 0.5 – 0.4357 = 0.0643

(b) P(100 < x < 130) = P[(100 – 112)/7.920 < ( x – )/x– < (130 –112)/7.920]

= P(–1.52 < z < 2.27) = 0.4357 + 0.4884 = 0.9241

An Important Consideration in Sampling: The Relationship between Sample Size and
Standard Error

We saw earlier that the standard error,  x is a measure of dispersion of the sample mean
around the population mean. If the dispersion decreases (if x– becomes smaller), then the values
taken by the sample mean tend to cluster more closely around . Conversely, if the dispersion
increases (if x– becomes larger), the values taken by the sample mean tend to cluster less closely
around . We can think of this relationship this way: As the standard error decreases, the value of
any sample mean will probably be closer to the value of the population mean. As the standard
error decreases, the precision with which the sample mean can be used to estimate the population
mean increases.
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If we refer to Equation, we can see that as n increases, x– decreases. This happens because in
a Equation a larger denominator on the right side would produce smaller x– on the left side. Two
examples will show this reationship; both assume the same population standard deviation  of
100.

When n = 10, x– = n

= 100/3.162 = 31.63, standard error of the mean.

And when n = 100:

Standard error of the mean; x–  = 100 100  = 10

What have we shown? As we increased our sample size from 10 to 100 (a ten fold increase),
the standard error dropped from 31.63 to 10, which is only about one-third of its former value. Our
examples show that, because x– varies inversely with the square root of n, there is diminishing
return in sampling.

It is true that sampling more items will decrease the standard error, but this benefit may not
be worth the cost. It seldom pays to take excessively large samples. Managers should always assess
both the worth and the cost of the additional precision they will obtain from a larger sample before
they commit resources to take it.

1.8 STATISTICAL INFERENCE AND SAMPLING DISTRIBUTIONS

Meaning: Sampling Distribution means that we take a sample from given population and
study the way various parameters of this sample are distributed. The mean and the standard deviation
of the sampling distribution are written as x  and S respectively.

Sampling Distribution constitute the basis of STATISTICAL INFERENCE and play an important
role in decision-making process. If we take number of samples of equal size from the population,
the probability distribution of all the possible values of given statistics from all the possible samples
of equal size is termed as Sampling Distribution.

If we take x1, x2 …x3 random independent variables of sample size n from a population
having the same mean , then

x  = 1 2 3 nx x x x
n

  

and x  = E(x) = E 1 2 3 nx x x x
n

   
  

=
1
n [E(x1) + E(x2) + …E(xn)]

=
1
n [ +  + …]
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The mean of the Sampling Distribution is given the same symbol as that for the mean of the
population, i.e., , but the  of the Sampling Distribution is called Standard Error of means and is

denoted as  x , indicating that it is for Sampling Distribution of means. The relation of Standard
Error of sampling that to the  of the population is given below:

x n


 

This relationship is valid only when the population is infinite or the samples are chosen from
a finite population without replacement.

Thus,

2
x  = var ( x ) = Var

1 2  
  

nx x x
n

= 2
1
n [var (x1) + var (x2) + … var (xn)] = 2

1
n nr2

x– = n


Before embarking on the sampling distribution, it is necessary to make assumptions about
the population parameter. We can use any value for a parameter, depending on the quality of

=
1
n •n = 

Thus, it can be seen that mean of a Sampling Distribution of sample Means, is the same as the
mean of the population. From the diagram given below, we can observe that Sampling Distributions
close approximate a normal distribution.

x x x

x x x x x x x x x x xx
x x x x x x x x x x x x x x

x x x x x x x x x x x x x
x x x x x x x x x x x x x

x x x x x x x x x x x x x x x

x x x x x x x x x x x x x
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population, but there is no theoretical limit to the number of Sampling Distribution of the some
sample size that can be drawn from the given population.

The distribution of one statistic may differ from that of another statistic. Thus, the shape of
distribution of x  will differ from that of s, even though both the parameters are computed from
the same sample.

It should be noted that the mean of the sampling distribution is the same, as the mean of the
population. And also standard deviation of a sample is close to the  of the population values.
However, the standard deviation of the sample is calculated as follows:

s =
2( )

1
x x
n

 


and not,

s =
2( )x x

n
 

Due to smaller denominator, it gives slightly larger value of . Thus, the estimated  of the
population is slightly larger than the observed standard deviation of the sample.

Important properties of the sampling distribution of mean are —

(a) Its mean is equal to the population mean

x– = 

(b) Standard deviation x  = n


(c) It is normally distributed.

In practice, population mean may not be easily available and hence  of the sample is used in
its place.

 x– = 
S
n

where s = standard deviation of the sample.

Sampling Distributions and Statistical Inferences

We presume you have learnt in your high school mathematics or thereafter concepts such as
mean, mode, median, standard deviation, etc. Each sample you draw from a population would
have its own mean or measure of central tendency, and standard deviation. Thus the statistics we
compute for each sample would vary and be different for each random sample taken.

Let us take an example:

We take a finite population of 5 young boys; A, B, C, D, E and collect data about their
heights in centimeters. The data is shown in Table 1 below.
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Table 1

Boy A B C D E

Height cms 160 162 164 170 156

Now, if we take samples of size 3 that is, select 3 boys in each sample, we will get 10 different
samples.

We list these samples, the corresponding data and their mean in Table 2 below:

Table 2

No. 1 2 3 4 5 6 7 8 9 10

Sample ABC ABD ABE BCD BCE ACD ACE ADE BDE CDE
DATA 160 160 160 162 162 160 160 160 162 164

162 162 162 164 164 164 164 170 170 170
164 170 156 170 156 170 156 156 156 156

Mean 162 164 159.33 165.33 160.66 164.66 160 162 162.66 163.33

From Table 2, you can see that sample mean for each sample is different. This collection of
different values of sample mean for samples of size 3, forms a distribution of sample means. This
distribution has a mean. If we add all sample means in Table 2, and divide the sum by the number
of samples, i.e., 10, we get 162.397

Normally, we will be dealing with large populations. Hence the number of samples of a
particular size is also very large.

We could also have a sampling distribution of proportion. Suppose we have to determine the
proportion of sugar plants in a plantation affected by pest disease in samples of 100 plants taken
from a very large plantation. We have taken a large number of these 100 item samples. If we plot
a probability distribution of the proportions of infested plants in all these samples, we would see a
distribution of the sample proportion. (The term proportion here refers to the proportion that is
infected.)

Sampling distribution is the distribution of all possible values of a statistic from all possible
samples of a particular size drawn from the population.

Describing Sampling Distributions

Any probability distribution (and, therefore, any sampling distribution) can be partially described
by its mean and standard deviation. The following table describes how different sampling distributions
can be described.
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S. No. Population Sample Sample Statistic Sampling Distribution

1. Water in a River 10-one liter containers Mean number of Sampling distribution
parts of mercury per of the mean
million parts of water

2. All professional Groups of 5 players Median height Sampling distribution
basketball teams of the median

3. All parts produced in 50 of each part Proportion Sampling distribution of
a manufacturing defective the proportion
process

Each of the above sampling distributions can be partially described by its mean and standard
deviation.

Concept of Standard Error

Standard deviation of the distribution of the sample means is called the standard error of the
mean. Similarly, standard error of the proportion is the standard deviation of the distribution of
the sample proportions.

The term standard error is used because it has a very specific meaning. For example, we take
the average heights of college girls in India across various samples. We would calculate the mean
height for each sample. Obviously there would be some variability in our observed mean. This
variability in sampling statistics results from the sampling error due to chance. Thus the difference
between the sample and population means is due to the choice of samples.

Thus the standard deviation of the sampling distribution of means measures the extent to
which the means vary because of a chance error in the sampling process. Thus, the standard deviation
of the distribution of a sample statistic is known as the standard error of the statistic.

Thus a standard error indicates not only the size of the chance error but also the accuracy we
are likely to get if we use the sample statistic to estimate a population statistic. Thus a mean with
a smaller standard deviation is a better estimator than one with a higher standard deviation.

Understanding sampling distributions allows statisticians to take samples that are both meaningful
and cost effective. Because large samples are more expensive, decision makers should always aim
for the smallest sample which will give the most reliable results.

Sampling Distributions

The figures shown below will help you to understand sampling distributions. There are three
parts to this illustration. The following figure illustrates a population distribution. Assume that this
population is all the non-performing assets of a large bank and this distribution is the number of
years the assets have been classified as non performing in the balance sheet. This distribution of
number of years has a mean  (pronounced mu) and a standard deviation of  (pronounced sigma).
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Suppose we are able to take all possible samples of 10 Non-Performing Assets (NPA’s) from
the population distribution. There would be too many, so we possibly cannot take all. Next we
would calculate the mean and standard deviation for each one of these samples, as represented in
Fig. As a result each sample would have its own mean x , and its own standard deviation ‘s’. All
the individual sample means would not be the same as the population mean. They would tend to be
near the population mean, but only rarely would they be exactly that value.

As a last step, we would produce a distribution of all the means from every sample that could
be taken. This distribution, called the sampling distribution of the mean, is illustrated in Figure.

This distribution of the sample means (the sampling distribution) would have its own mean,
x–, and its own standard deviation or standard error x–.

In statistical terminology, the sampling distribution obtained by taking all the possible samples
of a given size is the theoretical sampling distribution.

Figure ahead shows an example of such a distribution. In practice, the size and character of
most real life populations prohibit us from taking all the possible samples from a population distribution.
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Now we shall be discussing the sampling distribution of the mean in the examples that follow.
Once you understand the formulae and concepts here, the same can be applied to other sampling
distributions as well.

Sampling from Normal Populations

Let us go back to the example of taking samples of size 3 from a population of size 5.

From Table I, we find mean  of the population

 = 162.40

In Table 2, we have the sample means, x for the 10 samples.

The mean of these sample means x– = 162.40; which is the same as population mean. This is
not a coincidence. The mean of the sample means is the same as the population mean, whenever
we use simple random sampling.

Now from Table 1 (on page No. 16), we see that the values range from 156 to 170. From Table
2 we see that the sample means range from 159.33 to 165. Thus sample means have smaller spread
than the population.

Thus, if our population is normally distributed, the sampling distribution is also normal.

Further (i) the mean of the sampling distribution is same as the population mean.  x– =  and
(ii) the standard deviation of the sampling distribution is equal to the population standard deviation
divided by the square root of the sample size.


 x n

Fortunately, formulas are developed for estimating the characteristics of these theoretical sampling
distributions, making it unnecessary for collecting large numbers of samples. In most cases decision-
makers take only one sample from the population, calculate some statistics from the sample, and
from those statistics estimate something about the parameters of the entire population. We shall
show this shortly.

Sampling Distribution of the Mean
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Now suppose we increase our sample size from 5 to 20. This would not change the standard
deviation of the items in the original population. But with samples of 20, we have increased the
sample means. Figure in next page illustrates this point. The properties are also explained below.

Property Equation

Properties of Sampling Distribution Sampling Distribution has Mean equal x  

of Mean, when Population is to Population Mean,
normally Distributed Sampling distribution has Standard

Deviation equal to Population Standard
Deviation divided by Square root of
Sample size

An example will further illustrate these properties. A bank calculates that its individual savings
accounts are normally distributed with a mean of ` 2,000 and a standard deviation of ` 600. If the
bank takes a random sample of 100 accounts, what is the probability that the sample mean will lie
between ` 1,900 and ` 2,050? This is a question about the sampling distribution of the mean;
therefore, we must first calculate the standard error of the mean. In this case, we shall use the
equation for the standard error of the mean designed for situation in which the population is infinite
(later, we shall introduce an equation for finite populations):

Since the sampling distribution is normal distribution, let us first see how to find the probabilities
associated with normal distribution.

The probabilities associated with a standard normal variable, that is, a normal variable with
mean 0, and standard deviation 1, are available in the form of a Table. See Appendix at the end of
this unit. We first convert a value in our sample to a standard normal value by using the equation

Z =  1

x
x  



The Appendix gives us the probability that the variable z is between 0 lnd the given value. For
example, if we want to know the probability that the variable z is between 0 and 1.54, we get the
answer from the Table above as 0.4382.

The probability that the variable is between –0.96 and 0 is given as 0.3315. (Note that we
ignore the minus sign.)

The probability that the variable is between –0.96 and 1.54 is then 0.4382 + 0.3315 = 0.7697.

The probability that the variable is between –0.96 and –1.54 is 0.4382 – 0.3315 = 0.1067.

The probability that the variable is between 0.96 and 1.54 is also 0.4382 – 0.3315 = 0.1067.

So if the values have the same sign (plus or minus), we subtract the smaller value in the Table
from the bigger one.

On the other hand, if the values have opposite signs, we add the values obtained from the
Table.

x n
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Statistical Inferences

Everyone makes estimates. When you are ready to cross a street, you estimate the speed of
any car that is approaching, the distance between you and that car, and your own speed. Having
made these quick estimates, you decide whether to wait, walk or run.

Credit managers estimate whether a borrower will eventually pay his dues. Prospective home
buyers make estimates concerning the behavior of interest rates in the mortgage market. All these
people make estimates based on their experiences, outlook for future etc.

Statistical inference is a branch of statistics concerned with using probability concepts to
deal with uncertainty in decision-making. It is based on estimation. We shall be making inferences
about characteristics of population from information contained in samples.

How do managers use sample statistics to estimate population parameters? The department
head attempts to estimate enrollments next year from current enrollments in the same courses. The
credit manager attempts to estimate the creditworthiness of prospective customers from a sample
of their past payment habits. The home buyer attempts to estimate the future course of interest
rates by observing the current behaviour of those rates. In each case, somebody is trying to infer
something about a population from information taken from a sample.

We now discuss the methods that enable us to estimate with reasonable accuracy the population
proportion (the proportion of the population that possesses a given characteristic) and the population
mean. To calculate the exact proportion or the exact mean would be an impossible goal. Even so,
we will be able to make an estimate, make a statement about the error that will probably accompany
this estimate, and implement some controls to avoid as much of the error as possible. As decision-
makers, we will be forced at times to rely on blind hunches. Yet in other situations, in which
information is available and we apply statistical concepts, we can do better than that.

1.9 ESTIMATES ABOUT POPULATION

We can make two types of estimates about a population: a point estimate and an interval
estimate. A point estimate is a single number that is used to estimate an unknown population
parameter. If, while watching a cricket team on the field, you say, “Why, I bet they will get 350
runs,” you have made a point estimate. A department head would make a point estimate if she said,
“Our current data indicate that this course will have 350 students next year.”

A point estimate is often insufficient, because it is either right or wrong. If you are told only
that her point estimate of enrollment is wrong, you do not know how wrong it is, and you cannot
be certain of the estimate’s reliability. If you learn that it is off by only 10 students, you would
accept 350 students as a good estimate of future enrollment. But if the estimate is off by 90 students,
you would reject it as an estimate of future enrollment. Therefore, a point estimate is much more
useful if it is accompanied by an estimate of the error that might be involved.

An interval estimate is a range of values used to estimate a population parameter. It indicates
the error in two ways: by the extent of its range and by the probability of the true population
parameter lying within that range. In this case, the department head would say something like, “I
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estimate that the enrollment in this course next year will be between 330 and 380 and that it is very
likely that the exact enrollment will fall within this interval.” She has a better idea of the reliability
of her estimate. If the course is taught in sections of about 100 students each, and if she had
tentatively scheduled five sections, then on the basis of her estimate, she can now cancel one of
those sections and offer an elective instead.

1.10 ESTIMATOR AND ESTIMATES

A sample statistic that is used to estimate a population parameter is called an estimator. The
sample mean x can be an estimator of the population mean , and the sample proportion can be
used as an estimator of the population proportion. We can also use the sample range as an estimator
of the population range.

When we have observed a specific numerical value of our estimator, we call that value as
estimate. In other words, an estimate is a specific value of a statistic. We form an estimate by
taking a sample and computing the value taken by our estimator in that sample. Suppose that we
calculate the mean odometer reading (mileage) from a sample of used taxis and find it to be 98,000
miles. If we use this specific value to estimate the mileage for a whole fleet of used taxis, the value
98,000 miles would be an estimate.

Criteria of a Good Estimator

Some statistics are better than others. Fortunately, we can evaluate the quality of a statistic as
an estimator by using four criteria:

1. Unbiased: This is a desirable property for a good estimator to have. The term unbiased
refers to the fact that a sample mean is an unbiased estimator of a population mean because the
mean of the sampling distribution of sample means taken from the same population is equal to the
population mean itself. We can say that a statistic is an unbiased estimator if, on average it tends to
assume values that are above the population parameter being estimated as frequently and to the
same extent as it tends to assume values that are below the population parameter being estimated.

2. Efficiency: Another desirable property of a good estimator is that it be efficient. Efficiency
refers to the size of the standard error of the statistic. If we compare two statistics from a sample of
the same size and try to decide which one is the more efficient estimator, we would pick the
statistic that has the smaller standard error, or standard deviation of the sampling distribution.
Suppose we choose a sample of a given size and need to decide whether to use the sample mean or
the sample median to estimate the population mean. If we calculate the standard error of the sample
mean and find it to be 1.05 and then calculate the standard error of the sample median and find it
to be 1.6, we would say that the sample mean is a more efficient estimator of the population mean
because its standard error is smaller. It makes sense that an estimator with a smaller standard error
(with less variation) will have more chance of producing an estimate nearer to the population
parameter under consideration.

3. Consistency: A statistic is a consistent estimator of a population parameter if as the sample
size increases, it becomes almost certain that the value of the statistic comes very close to the
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value of the population parameter. If an estimator is consistent, it becomes more reliable with
large samples. Thus, if you are wondering whether to increase the sample size to get more information
about a population parameter, find out first whether your statistic is a consistent estimator. If it is
not, you will waste time and money by taking larger samples.

4. Sufficiency: An estimator is sufficient if it makes so much use of the information in the
sample that no other estimator could extract from the sample additional information about the
population parameter being estimated.

Point Estimates

The sample mean x is the best estimator of the population mean . It is unbiased, consistent,
the most efficient estimator, and as long as the sample is sufficiently large, its sampling distribution
can be approximated by the normal distribution.

If we know the sampling distribution of x, we can make statements about any estimate we
may make from sampling information. Let’s look at a medical supplies company that produces
disposable hypodermic syringes. Each syringe is wrapped in a sterile package and then jumble-
packed in a large corrugated carton. Jumble packing causes the cartons to contain differing numbers
of syringes. Because the syringes are sold on a per unit basis, the company needs an estimate of the
number of syringes per carton for billing purposes. We have taken a sample of 35 cartons at random
and recorded the number of syringes in each carton. Table below illustrates our results.

Results of a Sample of 35 Cartons of Hypodermic Syringes
(Syringes per Carton)

101 103 112 102 98 97 93
105 100 97 107 93 94 97

97 100 110 106 110 103 99
93 98 106 100 112 105 100

114 97 110 102 98 112 99

We can obtain the sample mean x by finding the sum of all our results, x, and dividing this
total by n, the number of cartons we have sampled ( x = x/n).

Using this equation to solve our problem, we get

x  = 3570/35 = 102 syringes.

Thus, using sample mean x as our estimator, the point estimate of the population mean is
102 syringes per carton. The manufactured price of a disposable hypodermic syringe is quite small
(about ` 1), so both the buyer and seller would accept the use of this point estimate as the basis for
billing, and the manufacturer can save the time and expense of counting each syringe that goes
into a carton.
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