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The book ‘Combinatorics and Graph Theory’ is the outcome of my conviction that there should be
a text-cum-reference book for the newly introduced subject in order that it be understood better by student
community at large. The book has its genesis and is the result of some of the young and fresh college
teachers who wanted a reliable and comprehensive book which contain simplified yet rigorous treatment of
the subject matter. A genuine effort has been made to catch the spirit of the subject. I have tried to acquaint
the reader with fine points and details of the subject as best as I can.

The students are already familiar at plus-two level with elementary techniques of Permutation and
Combination, Principles of Mathematical Induction, Binomial theorem, etc. In this book, the main idea is to
explain students not only the said topics but also extend these further by logical development of the subject. As
a result, students would be able to handle problems arising in the application to these topics in Computer
Science.

Each concept has been illustrated by suitable solved examples followed by a graded list of problems
for practice. The subject of ‘Combinatorics and Graph Theory’ is not a spectator's sport. Students should try
to solve as many exercise problems as possible.

The material in each unit is organized topic-wise. In Unit - I, there are certain complex topics like
Combinatorial proofs and Proof without words which according to me are difficult to understand and teach.
Unit - I also explains about applications of Catalan numbers in balanced parentheses, mountain ranges and
polygon triangulation. Unit - II consists of Graph Theory and problem solving by making use of simple
principles of graph theory. I tried to explain how this graph theory can be applicable in problem solving in
day-to-day life. In Unit - III, I have tried explaining principles of Min cut – Max flow by giving lucid
explanation, suitable examples, algorithms and pictorial presentation.

At the end, I have given/compiled adequate number of problems for Practicals/tutorials to ease
teachers’ work in providing these as assignment to student.

I am thankful to many people without whose arduous and painstaking efforts this book would not have
seen the light of day. Some of the persons to whom I am indebted in some way or other are Dr. Padma
Deshmukh, former Controller of Examination, University of Mumbai; Dr. Kishore Peshori, Head;
Department of Accounts, Prof. Satram Verhani, Vice Principal and Prof. Nitin Arekar, Head, Department of
Marathi. One person who deserves special thanks is Mr. Subhash Athavale, Librarian, Smt. C.H.M. College,
with his pleasing personality and smiling face, who at every stage extended his support in the preparation of
this book. I wish to record my deep sense of gratitude and thanks once again to them. I also wish to convey
my grateful appreciation to Mr. M.M. Sachdev who armed with his 3-decade long teaching experience
provided suggestions and comments which proved to be extremely useful.

To me, there is no room for complacency. Constructive criticism and suggestion from any reader of
the book for further improvement and enhancement of book are wholeheartedly invited and would be
gratefully acknowledged. Readers may send their feedback to sachdev.ritika.m@gmail.com
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Chapter

Introduction to
Combinatorics

1 IUNIT

Chapter

Combinatorics is the study of finite sets of objects defined by certain specified properties –
combinatorial structures – such as:

 Subsets of a finite set
 , {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}

 Partitions of a number
4 = 1 + 1 + 1 + 1 = 1 + 1 + 2 = 1 + 3 = 2 + 2

 Words over a finite alphabet
aaa, aab, aba, abb, baa, bab, bba, bbb

 Graphs

 Latin squares
1 2 3 4
2 1 4 3
3 4 1 2
4 3 2 1

For any particular combinatorial structure, a number of (related) questions can be asked:
 Existence: Are there any combinatorial structures of this type?

An existence question can be answered in different ways:
▪ Constructively, by giving

– An explicit example, or
– An algorithm to construct an example.
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▪ Non-constructively, by giving an existence proof that does not yield an actual example.
A constructive proof is regarded as being “better” than a non-constructive one.

 Enumeration: How many combinatorial structures of this type are there?
There are even more ways in which an enumeration question can be answered, including:
▪ Exactly

A set of size n has C(n, k) subsets of size k.
▪ Approximately

The number L(n) of Latin squares of order n satisfies log L(n) = n2 log n + O(n2 ).
▪ Implicitly

The nth Fibonacci number Fn is the coefficient of xn in the expansion 2––1
1
xx

of as a

power series (about 0).
▪ Bijectively

The number of switching classes of graphs is equal to the number of Eulerian graphs.
▪ Computationally

If all else fails, it may only be possible to produce a short list of the numbers of small
combinatorial structures by direct computer generation. For example, the number of
Steiner triple systems on n points for n = 1,. . ., 19 is 1, 0, 1, 0, 0, 0, 1, 0, 1, 0, 0, 0, 2, 0,
80, 0, 0, 0, 11084874829.

 Generation: List all the combinatorial structures of this type.
Algorithms for the generation of combinatorial structures are often called combinatorial
algorithms. Such an algorithm should generate every combinatorial structure of a particular
type – for example, we might want to generate all the subsets of a given set. Other
considerations include:
▪ Efficiency

The algorithm should be efficient in both space and time terms.
▪ Ordering

The order in which the structures are output may be significant — a specific order may
be required by the user, or a cleverly chosen order may reduce the amount of work
required.

ENUMERATION

Enumerative combinatorics is an area of combinatorics that deals with the number of ways that
certain patterns can be formed. At the most fundamental level, the main problem of enumerative
combinatorics is that of counting the number of elements of a finite set.



3Introduction to Combinatorics

COMBINATORICS AND GRAPH THEORY/NUMBER
THEORY/GEOMETRY/AND OPTIMIZATION

Graph Theory

Definition: A graph (or simple graph for emphasis) is an ordered pair G = (V, E), where V is a
non-empty finite set, called the set of vertices of G, and E is a set of unordered pairs (2-element
subsets) of V, called the edges of G. If {x, y} ∈ E, x and y are called adjacent and they are incident
with the edge {x, y}.

Graphs have natural visual representations. Each element of V is represented by a small circle
and that each element of E is represented by a line drawn between the corresponding two elements of V.

a b c

e f g h

d

For the above graph, V = {a, b, c, d, e,f,g,h} and

E = {{a,d}, {a,e}, {b,c}, {b,e}, {b,g}, {c,f}, {d, f}, {d, g}, {g, h}

Exercise: Ten people are seated around a circular table. Each person shakes hands with everyone
at the table except the person sitting directly across the table. Draw a graph that models this situation.

Number Theory

Broadly, number theory concerns itself with the properties of the positive integers. G.H. Hardy
was a brilliant British mathematician who lived through both World Wars and conducted a large deal
of number-theoretic research. He was also a pacifist who was happy that, from his perspective, his
research was not “useful”. He wrote in his 1940 essay A Mathematician’s Apology “No one has yet
discovered any warlike purpose to be served by the theory of numbers or relativity, and it seems very
unlikely that anyone will do so for many years.” Little did he know, the purest mathematical ideas of
number theory would soon become indispensable for the cryptographic techniques that kept
communications secure.
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Example 1: Form a sequence of positive integers using the following rules. Start with a positive
integer n> 1. If n is odd, then the next number is 3n + 1. If n is even, then the next number is n/2. Halt
if you ever reach 1. For example, if we start with 28, the sequence is 28, 14, 7, 22, 11, 34, 17, 52, 26,
13, 40, 20, 10, 5, 16, 8, 4, 2, 1

Now suppose you start with 19. Then the first few terms are 19, 58, 29, 88, 44, 22

But now we note that the integer 22 appears in the first sequence, so the two sequences will agree
from this point on. Sequences formed by this rule are called Collatz sequences.

To get a Collatz sequence from a number, if it's even, divide it by two, and if it's odd, multiply it
by three and add one. Continue the operation on the result of the previous operation until the number
becomes 1.

The Collatz sequence, also called the Hailstone sequence, is a sequence of numbers relevant to
the Collatz conjecture, which theorizes that any number using this algorithm will eventually be
reduced to 1. The conjecture’s truth is supported by calculations, but it hasn’t yet been proved that no
number can indefinitely stay above 1.

Questions arising in number theory can also have an enumerative flair, as the following example
shows.

Example 2:We show the integer partitions of 8.

There are 22 partitions altogether, and as noted, exactly 6 of them are partitions of 8 into odd
parts. Also, exactly 6 of them are partitions of 8 into distinct parts.

http://en.wikipedia.org/wiki/Collatz_sequence
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8 distinct parts 7+1 distinct parts, odd parts 6+2 distinct parts
6+1+1 5+3 distinct parts, odd parts 5+2+1 distinct parts
5+1+1+1 odd parts 4+4 4+3+1 distinct parts
4+2+2 4+2+1+1 4+1+1+1+1
3+3+2 3+3+1+1 odd parts 3+2+2+1
3+2+1+1+1 3+1+1+1+1+1 odd parts 2+2+2+2
2+2+2+1+1 2+2+1+1+1+1 2+1+1+1+1+1+1
1+1+1+1+1+1+1+1 odd parts

Geometry

There are many problems in geometry that are innately combinatorial or for which combinatorial
techniques shed light on the problem.

Example 3: In the figure below, we show a family of 4 lines in the plane. Each pair of lines
intersects and no point in the plane belongs to more than two lines. These lines determine 11 regions.

3

47

9

11

10

5
6

1

2

8

Optimization

You likely have already been introduced to optimization problems, as calculus students around
the world are familiar with the plight of farmers trying to fence the largest area of land given a certain
amount of fence or people needing to cross rivers downstream from their current location who must
decide where they should cross based on the speed at which they can run and swim. However, these
problems are inherently continuous. In theory, you can cross the river at any point you want, even if it
were irrational. (OK, so not exactly irrational, but a good decimal approximation.) In this course, we
will examine a few optimization problems that are not continuous, as only integer values for the
variables will make sense. It turns out that many of these problems are very hard to solve in general.

Example 4: In the figure below, we use letters for the labels on the vertices to help distinguish
visually from the integer weights on the edges.
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Suppose the vertices are cities, the edges are highways and the weights on the edges represent
distance. What is the shortest path from vertex E to vertex B?

SUDOKU PUZZLES

The modern version of Sudoku was invented in 1979 by Howard Garns in USA (where it was
called ‘Number Place’). It became really popular in Japan in the 1980s and in the UK since late 2004.
It is now a popular game worldwide. The word Sudoku is an abbreviation of a phrase which means
“the digits must occur only once”. The aim of a Sudoku puzzle is to fill in the grid so that each row,
each column and each box contains all the numbers from 1 to 9. Usually the grid is 9 by 9, using the
numbers from 1 to 9, but the easier grids are smaller, using numbers from 1 to 4 or 1 to 6. Simple eh?
Of course not! Sometimes it is easy but often it can be fiendishly difficult. But it's fun to learn
strategies for yourself by just having a go!

There are several levels of difficulty for you to try:
1. Easy: A 4 by 4 grid to start off, leading to a 6 by 6 grid.
2. Medium: 9 by 9 grids, but with plenty of numbers already in place and some helpful clues.
3. Hard: The hard puzzles have less numbers already in place and require more strategies to

be used.
4. Fiendish and Demonly Headteacher: Only for experts.

Benefits of Sudoku
1. Sudoku is a puzzle game consisting of numbers (or letters or objects). Like any game

that can take possession of our students, playing Sudoku has all the elements of a good
puzzle game: fun, excitement, and mental challenge. It is simply addictive – in a good and
positive sense. However, in addition to the recreational values that Sudoku offers to avid
gamers, it also offers to develop students’ numerical skills.

2. Cognitive Assessment: Cognitive assessment of the grids, in particular the numbers given
within the grids, develops the student’s skill in identifying numbers in specific columns and
retaining these numbers where necessary, in order to arrive at the correct numerical answer.

3. Elimination: By assessing which numbers are already given in particular squares in Sudoku
grids, the student can employ the process of eliminating these given numbers to arrive at
possible numerical answers.

G
E

12

F

27

J
32

H

14

B

2

D

17
11

13 K
18

16

C

5

3

9 8
7

10 A 19

28 4
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4. Logical Thinking: With the numbers already given and the grids that have to be filled with
numbers that have not yet been eliminated as the possible answers, the student can develop
such logical thinking skills as deduction and induction.

5. Analysis: To arrive at the possible numerical answers, the student needs to analyze using
the processes of elimination and trying out a number to see if it fits into the grid.

6. Spatial Relationships: To solve a Sudoku puzzle the student must be able to look at the rows,
columns and boxes and their relationship to each other at the same time. To become proficient
at solving the puzzles students must develop their spatial awareness and understanding of
relationships. This is something that can be very boring and hard to teach. However, by playing
Sudoku students will naturally increase their ability to spot these things.

7. Number Sense: It is a fact that the more students work with numbers, the more proficient
they become at math.

8. Patterns and Sequence: Sudoku puzzles are often solved by seeing the patterns, sequence,
and order of the numbers.

The following strategy you may find helpful:
 Check each horizontal and each vertical row to see where only one or two gaps occur. Fill in

any gaps that have a definite answer.
 Next scan each horizontal block and each vertical block to fill in further gaps
 Check each square (or rectangle) and fill in missing numbers
 Repeat the process until the puzzle is solved!

Exercise:
4x 4
4 2 3 4 1

3 1 1 2 1 2

4 2 3 4 4 1
3 1 1 1 2

6x6
3 4 5 2 2 6 3

2 3 6 4 1 2 3 6 1 4 2

4 5 2 3 3 6 5 1 5 3
2 3 4 1 4 2 3 3 5 1

5 3 1 6 2 5 4 1 3 5 6

9x9
4 1 3 6 7 3
6 2 5 9 3 9

5 3 1 4 2 8 5 1 3

5 6 4 7 8 2 7 1
4 3 2 5 9 2 8 3

1 8 2 9 6 4 6 8
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1 9 8 9 5
6 7 3 2 1 7 5

3 1 5 4

16 x 16
E 4 1 C A 9

C 6 8 B 9 1

7 D 1 5 3 2 A

3 E 9 5 0

A 7 5 4

6 4 C 5 1 D E

2 5 F C B

D C 5 B 4 3 2 0 A

4 9 8 0 5 E 7 B F

3 2 4 A 8

A 2 9 6 4 E 3

1 8 7 D

4 C F 7 6

0 E 3 B 4 F 7

6 1 D 4 2 9

9 8 D F 2 3
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